Introduction
Fins are extensively used to enhance the heat transfer between a solid surface and its convective, radiative, or convective radiative surface. Finned surfaces are widely used, for instance, for cooling electric transformers, the cylinders of air-craft engines, and other heat transfer equipment. In many applications various heat transfer modes, such as convection, nucleate boiling, transition boiling, and film boiling, the heat transfer coefficient is no longer uniform. A fin with an insulated end has been studied by many investigators [Sen, S. Trinh(1986) ]; and [Unal (1987) ]. Most of them are immersed in the investigation of single boiling mode on an extended surface. Under these circumstances very recently, [Chang (2005) ] applied standard Adomian decomposition method for all possible types of heat transfer modes to investigate a straight fin governed by a power-law-type temperature dependent heat transfer coefficient using 13 terms. [Liu (1995) ] found that Adomian method could not always satisfy all its boundaries conditions leading to boundaries errors.
The governing equations for the temperature distribution along the surfaces are nonlinear. In consequence, exact analytic solutions of such nonlinear problems are not available in general and scientists use some approximation techniques to approximate the solutions of nonlinear equations as a series solution such as perturbation method; see [Van Dyke M. (1975) ], and Nayfeh A.H. (1973) ], and homotopy perturbation method; see [He J. H. ( , (2000 , and(2003) ].
In this chapter, we applied HPM to solve the linear and nonlinear equations of heat transfer by conduction in one-dimensional in two slabs of different material and thickness L.
The perturbation method
Many physics and engineering problems can be modelled by differential equations. However, it is difficult to obtain closed-form solutions for them, especially for nonlinear ones. In most cases, only approximate solutions (either analytical ones or numerical ones) can be expected. Perturbation method is one of the well-known methods for solving nonlinear problems analytically.
In general, the perturbation method is valid only for weakly nonlinear problems [Nayfeh (2000) ]. For example, consider the following heat transfer problem governed by the nonlinear ordinary differential equation, see [Abbasbandy (2006) 
where ε > 0 is a physical parameter, the prime denotes differentiation with respect to the time t. Although the closed-form solution of u(t) is unknown, it is easy to get the exact result , (0) 1 / (1 ) u ε =− + , as mentioned by [Abbasbandy (2006) ]. Regard that ε as a perturbation quantity, one can write u(t) into such a perturbation series
Substituting the above expression into (1) and equating the coefficients of the like powers of ε, to get the following linear differential equations , 00 0 0,
,, , Obviously, the above series is divergent for 1 ε ≥ , as shown in Fig. 1 . This typical example illustrates that perturbation approximations are valid only for weakly nonlinear problems in general. In view of the work by [Abbasbandy (2006) ], the HAM extends a series approximation beyond its initial radius of convergence. To overcome the restrictions of perturbation techniques, some non-perturbation techniques are proposed, such as the Lyapunov's artificial small parameter method [Lyapunov A.M. (1992) ], the δ-expansion method [Karmishin et al(1990) ] , the homotopy perturbation method [He H., J.,(1998) ], and the variational iteration method (VIM), ],. Using these non-perturbation methods, one can indeed obtain approximations even if there are no small/large physical parameters. However, the convergence of solution series is not guaranteed. For example, by means of the HPM, we obtain the same and exact approximation of Eq.(1), as the perturbation result in Eq.(9), that is divergent for ε > 1, as shown in Fig.1 . ; For details, see [Abbasbandy (2006) ]. This example shows the importance of the convergence of solution series for all possible physical parameters. From physical points of view, the convergence of solution series is much more important than whether or not the used analytic method itself is independent of small/large physical parameters. If one does not keep this in mind, some useless results might be obtained. For example, let us consider the following linear differential equation [Ganji et al (2007) 
Its exact solution reads
By means of the homotopy perturbation method, [Ganji et al (2007) ] wrote the original equation in the following form:
subject to the initial condition (, 0 : )
is an embedding parameter. Then, regarding p as a small parameter, [Ganji et al (2007) 
which gives the solution. For p = 1, and substitute (15) into the original equation (13) and initial condition in (14), then equating the coefficients of the like powers of p, one can get governing equations and the initial conditions for ( , ) m ux t . In this way, [Ganji et al (2007) ] obtained the mth-order approximation However, for any given 0 x ≥ , the above approximation enlarges monotonously to the positive infinity as the time t increases, as shown in Fig.2 . Unfortunately, the exact solution monotonously decreases to zero! Let
where () t δ denotes the relative error of the HPM approximation (17). As shown in Fig. 2 , the relative error δ(t) monotonously increases very quickly:
In fact, it is easy to find that the HPM series solution (16) is divergent for all x and t except t = 0 which however corresponds to the given initial condition in (11). In other words, the convergence radius of the HPM solution series (17) is zero. It should be emphasized that, the variational iteration method (VIM) obtained exactly the same result as (17) by the 6th iteration see; ], and [Ganji et al (2007) ]. This example illustrates that both of the HPM and the VIM might give divergent approximations. Thus, it is very important to ensure the convergence of solution series obtained. 
Outline of Homotopy Perturbation Method (HPM)
The homotopy analysis method (HAM) has been proposed by Liao in his PhD dissertation in [Liao (1992) ]. Liao introduced the so-called auxiliary parameter in [Liao (1997a) ] to construct the following two-parameter family of equation:
where 0 u is an initial guess. [Liao (1997a) ] pointed out that the convergence of the solution series given by the HAM is determined by h, and thus one can always get a convergent series solution by means of choosing a proper value of h. Using the definition of Taylor series with respect to the embedding parameter p (which is a power series of p ), [Liao (1997b) ] gave general equations for high-order approximations. ] followed Dr. Liao's early idea of Homotopy Perturbation Method (HPM) when he constructed the one-parameter family of equation:
where Eq. (20) represented special case of Eq.(19) for convergent solution of (HAM) at 1 h =− . To illustrate the basic ideas of this method, consider the following general nonlinear differential equation [see Ghasemi et al (2010) 
where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function, and is the boundary of the domain .
The operator A can be generally divided into linear and nonlinear parts, say L and N. Therefore (21) can be written as ] constructed a homotopy (, ) :
[ 0 , 1 ] vr p R Ω× → which satisfies:
that is called homotopy parameter, and 0 v is an initial approximation of (19). Hence, it is obvious that:
and
In topology, 0
L(v) -L(v ) is called deformation, and [() ]
A v-f ( r )is called homotopic. The embedding parameter p monotonically increases from zero to unit as the trivial problem 00 H(v, ) = in (25) is continuously deforms the original problem in (26), 10 H(v, ) = . The embedding parameter [0,1] p ∈ can be considered as an expanding parameter. [Nayfeh A.H. (1985) ] Apply the perturbation technique due to the fact that 01 p ≤≤, can be considered as a small parameter, the solution of (21) or (23) can be assumed as a series in p, as follows: 
The series (28) is convergent for most cases, and the rate of convergence depends on A(v) , [He, L. (1999) ].
Application of Homotopy Perturbation Method HPM
An analytic method for strongly nonlinear problems, namely the homotopy analysis method (HAM) was proposed by Liao in 1992, six years earlier than the homotopy perturbation method by [He H., J.,(1998) ], and the variational iteration method by ]. Different from perturbation techniques, the HAM is valid if a nonlinear problem contains small/large physical parameters.
More importantly, unlike all other analytic techniques, the HAM provides us with a simple way to adjust and control the convergence radius of solution series. Thus, one can always get accurate approximations by means of the HAM. In the next section, HPM is applied to solve the linear and nonlinear equations of heat transfer by conduction in one-dimensional in a slab of thickness (L). [Anwar (2010) ] solved the linear and non-linear heat transfer equations by means of HPM.
Non-Linear Heat transfer equation
Consider the heat transfer equation by conduction in one-dimensional in a slab of thickness L. The governing equation describing the temperature distribution is:
Where the two faces are maintained at uniform temperatures 1 T and 2 T with 12 TT > the slab make of a material with temperature dependent thermal conductivity () kk T = ; see [Rajabi A.(2007) ]. The thermal conductivity k is assumed to vary linearly with temperature, that is:
where ε is a constant and 2 k is the thermal conductivity at temperature 2 T . Introducing the dimensionless quantities 
k is the thermal conductivity at temperature 1 T , then (29) reduces to 40) and the convergence of series (40) is convergent at 1 p = . Then by using (35) and (36) 
For the s-th-order problems, if we first differentiate Eq.(32) s times with respect to p then divide by s! and setting p = 0 we obtain: Where:
The general solutions of (42) can be written as:
The linear non-homogeneous (42) is solved for the order s = 1, 2, 3,..., for s=1, (42) becomes: 
Then, solution of (31) is:
Results of θ obtained for different values of ε are presented in Table 1 and Fig. 3 . Clearly, for small value for 0 1 ε ≤≤ then (51) is a good approximation to the solution. That means for 0 ε = , then 12 kk = , for 1 ε = , then 12 2 kk = . However, as ε increases, (51) produces
Heat Transfer Phenomena and Applications 70 inaccurate divergent results. The results obtained via HPM are compared to those via General Approximation Method GAM obtained by Khan R. A.(2009) . For this problem, it is found that HPM produces agreed results compared to GAM. Special computer program was used as special case, the temperature distribution along a road of length (L = 1 m) when 0 1 100 TC = and 0 2 50 TC = , are presented in Table 2 and Fig.4 . α is thermal conductivity that is assumed constant with temperature. To solve the parabolic partial differential equation (52) using HPM, we consider a correction functional equation as:
Then: For zeroth order of p:
Then 0 (,) s i n ( 2.) Tx t x π = For first order of p: 
Discussion
For example.1, clearly, for 0 1 ε ≤≤, (51) is a good approximation to the solution. That means for ε = 0, then 12 kk = , and for ε = 1, then 12 2 kk = . However, as ε increases, (51) produces inaccurate divergent results. For example 2, (66) is a good approximation to the solution as α values decreased. That means as α increase, (66) produces inaccurate divergent results.
Conclusion
Homotopy Perturbation Method HPM is applied to solve the linear and nonlinear partial differential equation. Two numerical simulations are presented to illustrate and confirm the theoretical results. The two problems are about heat transfer by conduction in two slabs. Results obtained by the homotopy perturbation method are presented in tables and figures. Results are compared with those studied by the generalized approximation method by [Sajida et al (2008) ]. Homotopy Perturbation Method is considered as effective method in solving partial differential equation.
